Scientific Mathematics Revision Notes

1 Key concepts

1.1 Simultaneous Linear Equations

We can solve 2 equations in 2 unknowns to find the values of the 2 unknowns.

1.1.1 Example

20 +3y = 5.5 (1)
r—2y=1 (2)

Multiply equation (2) by 2.
20 — dy = 2 (3)

Now take (1)-(3) to find y

20 +3y = 55

20 —4dy = 2
Oz +7y = 3.5
3.5
v =7
= 0.5
Use this in (2) to find z
r—2y =1
r—2x05 =1
r—1 =1
r = 1+1
r = 2

Now put these values for z and y into the original equations to check they are a correct solution:
204+3y=2x243x05=4+15=55 V (1)
r—2y=2-2x05=2-1=1 Vv (2)

1.2 Quadratic Equations

A quadratic equation is one in 22. The solution to a quadratic equation is finding the roots, values
of x that satisfy the equation.

Some quadratic equations can be solved "by eye”. But if you cannot spot a solution, quadratic
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equations can be solved using the quadratic formula.

If a quadratic equation is expressed
ar® +br+c=0

Then its roots are given by:
—b+ Vb? — dac
xr =

2a

1.2.1 Example

Solve the following quadratic equation

In this case,

a 2
b —6
c 4

Using the quadratic formula,

v= 2% 2
_ 6++/36-32
a 4
. 6+V4
a 4
. 6+2
4
642 o 6—2
Y 4
= 2 or 1

Check these values for x satisfy the original equation:
20° — 6z +4=0

Let © = 1:
2x12—6x144=2—-644=0 V

Let £ = 2:
2x22-6x244=8—-1244=0 V

So x =1 and = = 2 are indeed roots of this quadratic.



2 General equation of a straight line
Every straight line can be expressed in the form
Yy=mz-+c

¢ is the intercept (At = =0, y = ¢).
m is the gradient (When z increases by a quantity a, y increases by m x a. Or put another way, for
every time z increases by 1, y increases by m).

Given two points on a straight line we can find values for m and c.

2.1 Example
On a straight line, at x =3, y = 0.5 and at x = 5, y = 1.5. Find the equation of the line.

2.1.1 Method 1
As this is a straight line, it can be written in the form y = mz + c.
At x = 3,
mx3+c=0.5 (1)

At z =5,
mx5+c=15 2)

These can be solved as simultaneous equations.

2.1.2 Method 2

As this is a straight line, it can be written in the form y = max + ¢. Since m is the gradient, we can
calculate it as:

difference in y values

gradient = m = — -
difference in x values

_ 15-05
- 5-—3
1
2

So now we have only one unknown and can solve this to find ¢, say at (z,y) = (3,0.5)

Yy = mx-+c
05 = 05x3+c
= c = 05-05x%3
= —1

Som =0.5,c=—1.



2.1.3 Method 3

Draw a graph, plot the two points (z,y) = (3,0.5) and (z,y) = (5,1.5) and draw a straight line
between them. Read off the gradient and intercept (N.B. less accurate).

3 Indices

The following are the rules of indices:

D L (1)
m
™ " = Qf_ = ™" (2)
xn
()" = 3
Note also that
2 =1
B 1
xr no= ﬁ
ri = Jx
p
ra = ~/xP

4 Exponential Function

e /= 2.718... is a special number used in the exponential function,

y=e

5 The Natural Logarithm Function

When y = e is rearranged to give x in terms of y, the function which results is the natural logarithm
function,
x=1Iny

Ina is log, a.

6 Logs to other bases

log, b means logarithm to the base a of b. ¢ = log,b is the number ¢ which satisfies the equation
b=a°

6.1 Example

log;, 100 =2  since 10% = 100
log, 256 =8  since 2% = 256



7 Rules of Logarithms

log, A+ log, B =log, AB (1)
A

log, A —log, B = log, B (2)

plog, A =log, A? (3)

8 Expontential Laws
Many natural processes can be modelled using a function such as,
y = Aekm

Such a function describes exponential growth & > 0 or decay k£ < 0. We can express such a function
in linear form.

y = AeM
Iny In Ae®
Iny = InA+Ine™  (log rule 1)

Iny = InA+kzlne (logrule 3)
Iny = InA+kx (since Ine = log.e = 1)
Iny = InA+kx

(cf. y = c+mzx )

So k is the gradient and In A the intercept of this straight line graph.

8.1 Example

We are told that a law is represented by
y = Aet®

And that at t =1, y=02and at t =3, y = 0.7.

Putting the law in linear form,

Iny =InA+ kt
At t =1,
In02=mA+kx1 (1)
At t =3,
In0.7=mA+kx3 (2)
Take (2) — (1)
In02=mA+k (1)
In0.7=1InA+ 3k (2)
(In0.7—In0.2) = (InA —1In A) + (3k — k) (3)
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0.7

1n0—2 = 2k
b2
% — k =0.626(3 d.p.)

Using (1) we can find the value for A:

In0.2 = InA+k
— InA = In02—-%
= —2.236(3 d.p.)
= A = ¢ ?*=0.107(3 d.p.)

9 Differentiation

Given a function y = f(z), we can find the derivative g_gyc = f’(z). This function enables us to find

the gradient of the tangent to y = f(z) at any point z, so describes the rate of change of y = f(z).

9.1 Derivatives of some common functions

y=flz) | Z=/f(a)

axr a
" ne"™ 1
Inz L

T
ekx kekx

mf(z) mf'(x)
f@) +9(@) | f'(2) + g (x)

9.2 Examples

y = 3x2 y =22°+ 322 + 1
W — G % = 102" + 6
y = e y=3nz
e & =3
y=m=a" y=z=as
R e I £ B
y:4x5—x% y:\%:x’%
i il I



10 Integration

Integration can be thought of as the opposite process to differentiation, or as the process of finding
the area under a curve by summation. For a function f(z) we can find the indefinite integral,

F(z) = / f(a)dx

Which is a function such that,
dF(x)
d(c) _

An indefinite integral always includes a constant of integration, since for ¢ some constant, <= =0

10.1 Integrals of some common functions

f(z) J f(@)dx
a ar +c¢
" gt e
2 Inz +c
ehr zefT 4 ¢
f@)+g(x) | [ f(z)de+ [ g(x)dx

10.1.1 Examples

y = 223 y =328 +22% +1
fydx:§$4+c fydx:%x7+§x5+x+c
=1zt +c
y = 3e’® y=12
fydx:%e“qLc [yde =4lnz +c
[yde = -3z +¢ [yde = tz2 +c
2
zgx%—l—c
y:\S/;L‘ngL'% y—%:x_%
fydx:éxg—i—c fydx:%a:%—kc
3 3
Jyde =323 +¢ [yde =325 + ¢

N.B. you can check whether you have correctly performed an integration by differentiating your answer
and seeing if you get back to the question. Similarly, you can integrate a derivative to check it.
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10.2 Definite Integration

This is the process of finding the value of an integral between two ordinates (values). If,

F(z) = / f(x)dz

Then to find the definite integral between a and b we calculate

/b f@)dz = [F()

10.2.1 Example

Find the value of the definite integral,
6
/ 32% + 22 + 1dx
2

First find the integral,

6 3 9 6
/ 328 + 22 + 1de = | 2" + Z2° + x
9 7 5 5

Then calculate the value of the integral at the limits and subtract,

6 3 9 6
/ 328 + 224 + 1dx = {—x7 + Za2° + x}
9 7 5 5

3 2 3 2
= (EX64+=Xx6°4+6)—(=x2"+=x2°+2
(7>< +5>< +6) (7>< +5>< +2)
= 123019.31 (2 d.p.)



